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Abstract
We establish through analytical and numerical studies of thermodynamic quan-
tities for noninteracting atomic gases that the isotropic three-dimensional spin-orbit
coupling, the Weyl coupling, induces interaction which counters “effective” attrac-
tion (repulsion) of the exchange symmetry present in zero-coupling Bose (Fermi)
gas. The exact analytical expressions for the grand potential and hence for several
thermodynamic quantities have been obtained for this purpose in both uniform and
trapped cases. It is enunciated that many interesting features of spin-orbit coupled
systems revealed theoretically can be understood in terms of coupling-induced mod-
ifications in statistical interparticle potential. The temperature-dependence of the
chemical potential, specific heat and isothermal compressibility for a uniform Bose
gas is found to have signature of the incipient Bose-Einstein condensation in very
weak coupling regime although the system does not really go in the Bose-condensed
phase. The transition temperature in harmonically trapped case decreases with in-
crease of coupling strength consistent with the weakening of the statistical attractive
interaction. Anomalous behavior of some thermodynamic quantities, partly akin to
that in dimensions less than two, appears for uniform fermions as soon as the Fermi
level goes down the Dirac point on increasing the coupling strength. It is suggested
that the fluctuation-dissipation theorem can be utilized to verify anomalous be-
haviors from studies of long-wavelength fluctuations in bunching and antibunching
effects.
Key Words: Synthetic spin-orbit coupling, Harmonic trapping, Thermodynamic
properties, Statistical interactions, Dirac point.
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I. INTRODUCTION
It has been during last few years that theoretical proposals came up to have synthetic
spin-orbit coupling (SOC) in neutral atoms resulting from laser-induced coupling between
internal psuedospin-1
2
degree of freedom and the atomic center-of-mass motion, see [1, 2]
and references therein. The required process engineers a spatially homogeneous but non-
Abelian vector potential and yields a term in the Hamiltonian which has the form of
Rashba or linear Dresselhaus SO coupling. Both these two-dimensional (2D) couplings,
appearing in a natural way in solids under separate physical conditions, have been known
for a long time [3] but are being difficult to implement in atomic systems. However, equal
Rashba-Dresselhaus, which is 1D and is now also called [4] the NIST SOC due to its first
implementation by Spielman’s group at the NIST [5], has been realized experimentally in
bosonic [5, 6] as well as fermionic [7, 8] atomic gases. Recently, methods to generate 3D
analogues of the Rashba type have also been suggested [9, 10]. The proposed 3D couplings
for cold atoms could be anisotropic or rotationally invariant. The latter case has been
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christened by Anderson et al. [9] as the Weyl SOC which is, in fact, an aide me´moire to
the Weyl fermions [11] that obey Dirac-like equation [12].
Theoretical studies have been accomplished for a variety of physical phenomena, see
references in reviews [1, 13, 14], considering variations in Zeeman field, trapping potential,
optical-lattice parameters, detuning and s-wave scattering length as apart from the SO
coupling strength. The significant predictions for bosonic systems are that the SOC makes
them behave in ways that have no known analogues in conventional condensed-matter
systems, namely the half-vortex phase [15] and the striped superfluid phase [16]. Also,
unconventional BEC beyond “no-node” theorem [17] has been analyzed in [13, 18] and
Zitterbewegung oscillations have been observed experimentally [19]. Some of the salient
features which have emerged in studies of fermions are nontrivial topological order [20, 21],
enhanced pairing field [9, 20, 22, 23, 24] and exotic pairing states [4], possible existence of
Majorana fermions [25] and Fulde-Ferrell-Larkin-Ovchinnikov phase [4, 26], and existence
of Dirac cones in honeycomb optical lattices [27]. These aspects have provided additional
impetus to the study of ultracold atoms and matter waves which have been at the forefront
for the last two decades to mimic many physical phenomena [28].
It may be recalled in the context of many-body aspects that quantum gases have statisti-
cal interactions meaning thereby that ideal bosons (fermions) have “effective” interparticle
attraction (repulsion) as compared to a Boltzmann gas as a consequence of their total
wave function being symmetric (antisymmetric) under exchange of a pair of particles,
see, for example, Ref. [29]. Thus the two kinds of quantum particles which have either
integral or half-odd-integral spin had earlier been considered to be distinct [30] both at
the single-particle level and the many-particle level. However, it is noteworthy in the con-
text of artificial SO coupling that pseudospin-1
2
bosons have not only been conceptualized
but also experimentally realized. Although the concept is not in conflict with the Pauli
spin-statistics theorem [31] because the symmetry operations in the pseudospin space are
not related to real-space rotations but it implies that bosons and fermions could be made
identical at the single-particle level. Despite availability of enormous literature involving
all kinds of complexities in the field, a basic question that how does the SOC modify the
many-body effect mentioned above is not known. The main purpose of this paper is to
address this aspect both in uniform and harmonically trapped gases. The closer analysis
of interesting features found in some of the theoretical studies enumerated below suggests
that the SO coupling weakens the statistical interactions in bosons as well as fermions
and we establish it through study of the thermodynamic properties.
It is a textbook result for noninteracting bosons that there is Bose-condensed phase
at T < TC for the 3D gas, at T = 0 for the 2D gas, and no condensation at all in the
1D gas. On the other hand, it has recently been pointed out for the Rashba-coupled
noninteracting gas that there is no condensation at all in the 2D case [32] and TC goes
down to zero in the 3D case [33, 34] consequent upon the single-particle density of states
(DOS) acquiring in the low-energy region behavior of reduced spatial dimensionality. The
complete destruction of 3D condensate by the Weyl coupling at all T , including at T = 0,
in the noninteracting gas has been pointed out in Refs. [32, 35] to be due to appearance of
coupling-weighted 1D DOS. The enhanced single-particle DOS at the Fermi surface due
to SOC has been utilized to understand also that the two-body bound state appears in
an SO-coupled Fermi gas on the BCS side (as < 0) of the Feshbach resonance howsoever
weak the attraction might be [9, 22] and that the interaction effect gets magnified resulting
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into increased fermionic-superfluid transition temperature [24]. Also, there is BCS-BEC
crossover on increasing SOC while keeping as fixed even for as → 0− [36]. Cui and Zhou
[32], and Zhou and cui [37] have studied the effect of SOC on an interacting bosonic
system and have found that both Rashba and 3D couplings create condensate depletion.
Zheng et al. [38] have discussed shift in the BEC transition temperature in an SO-coupled
interacting Bose gas. Han and Sa´ de Melo [39] have arrived at the conclusion that the
Rashba makes the Pauli pressure to decrease with increase in the coupling strength even if
as be kept fixed. Gong et al. [20] have shown that the fermionic superfluidity destroyed by
the Zeeman field above a critical value can be restored by a finite SOC without changing
as. Yu [40] has noticed that the SOC enhances the short-distance correlation length in
Fermi gases.
Exact analytical expressions for grand potentials of Weyl SO-coupled noninteracting
systems in uniform as well as trapped systems have been obtained in unified forms in-
troducing a parameter η to represent Bose (η = +1), Fermi (η = −1) and Boltzmann
(η = 0) gases. The analytical expressions following therefrom for various thermodynamic
quantities of the uniform system have universal character for a fixed density, when ε0F
serves as an energy scale, as they depend ultimately only on two dimensionless physical
parameters: reduced temperature T˜ = T/T 0F and reduced SO coupling strength κ˜ = κ/k
0
F
with ε0F , T
0
F and k
0
F being respectively the Fermi energy, Fermi temperature and Fermi
wavevector for an ideal gas without SOC. The graphical depiction of the pressure as a
function of SOC strength for fixed temperature and density shows that “effective” inter-
actions become less attractive (repulsive) in uniform as well as trapped bosons (fermions),
a result which is corroborated by plots of the isothermal compressibility and analytically
in uniform gases by the virial expansion of the equation of state (EOS).
It may be noted that some of the thermodynamic properties of SO-coupled systems had
been studied earlier by He and Yu [35], who found a few interesting results. But their
studies were restricted to the uniform gases, and also their main focus was in high- and low-
temperature regimes wherein analytical expressions could be obtained. Our studies cover
entire range of physical parameters not only for uniform gases but for the trapped systems
as well and we retrieve their results as limiting cases of our expressions. Also, we provide a
sound theoretical basis for (i) the observation by Han and Sa´ de Melo [39], while studying
theoretically BCS-BEC crossover in a balanced mixture of 3D ultracold fermions, that
the Pauli pressure decreases and consequently the isothermal compressibility increases
on increase in the Rashba coupling strength, and (ii) the finding of Ghosh et al. [41]
regarding decrease in Pauli pressure with increase of 3D SOC in uniform systems while
studying trapped fermions. Furthermore, we find signature of incipient Bose-condensation
for very weak SO coupling in a uniform gas although there is really no condensation
due to presence of coupling-weighted 1D DOS. We observe anomalous behavior, typical
of spatial-dimensional crossover, in some thermodynamic quantities of uniform fermions
when the Fermi level crosses the Dirac point on varying the coupling strength. Of course,
the physics of harmonically trapped gases is more interesting as the phenomenon of BEC
destroyed by the SOC in 3D Bose gas is restored by trapping even in the noninteracting
case; our expressions offer opportunity for the study of complete thermodynamics of such
systems.
The paper is structured as follows. Section II starts with an overview of basic aspects
pertaining to the Weyl SO-coupled Hamiltonian for noninteracting atomic quantum gases,
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and the behavior of the resulting DOS is described for both uniform and trapped gases.
The analytical expressions for grand potentials involving polylogarithmic functions are
presented for these systems in Sections IIIA and IIIB, respectively, and exact analytical
expressions for various thermodynamic quantities are developed in both the cases. Com-
puted results are depicted graphically in Section IV wherein detailed discussions are also
given. Section V gives summary and outlook of our work. Appendix A discusses some
aspects pertaining to plots of DOS in uniform gases, Appendix B contains derivation
for the expression of the isochoric specific heat, and detailed discussion of the fermionic
chemical potential is given in Appendix C.
II. WEYL SPIN-ORBIT-COUPLED SYSTEMS
A. Basic Aspects
We consider a system of cold neutral atoms, bosons or fermions, having multilevel
hyperfine states and moving in the presence of spatially varying laser fields. The cou-
pling induced via two-photon Raman transitions linking four internal levels in a tetrahe-
dral topology, as described in [9], gives rise to an effective non-Abelian vector potential
Aˆ = −h¯κσˆ, where κ is the isotropic coupling strength and σˆ = (σx, σy, σz) is the con-
ventional Pauli spin operator in the pseudospin space. Hence the single-particle effective
Hamiltonian of (↑, ↓) pseudospin-1
2
particles would become Hˆ = (1/2m)
(
pˆI − Aˆ
)2
which
one may take, without any loss of generality, in the form
Hˆ = 1
2m
(
pˆ2 + h¯2κ2
)
I + vσˆ · pˆ. (1)
Here v = h¯κ/m is the coupling strength having unit of velocity, I is the 2 × 2 identity
matrix, and pˆ is the momentum operator.
It may be noted that the atoms have acquired psuedospin-1
2
degree of freedom, irrespec-
tive of the system without coupling being fermionic or bosonic, which has got coupled with
the atomic center-of-mass motion. If the inconsequential constant term be not retained in
Eq. (1), the resulting isotropic coupling term HˆSO = vσˆ · pˆ is a natural symmetric exten-
sion of the Rashba coupling to 3D and has the form of the Weyl Hamiltonian [12]. One
has thus the Weyl SO coupling, the terminology coined in [9]. Furthermore, the Hamilto-
nian Hˆ possesses complete rotational symmetry, the highest such a symmetry among all
types of SO couplings, as a consequence of the commutation relation
[
Jˆ, Hˆ
]
= 0, where
Jˆ = Lˆ + 1
2
h¯σˆ is the total angular momentum operator with Lˆ as atomic center-of-mass
orbital angular momentum operator. Also, the Hamiltonian respects the time-reversal
symmetry even when κ 6= 0 but the Galilean invariance and the parity conservation are
broken. Various aspects of the simplicity inherently present in the Weyl-coupled Hamil-
tonian for isotropically trapped gases described by Anderson and Clark [42] apply here in
case of uniform gases too.
The eigenvalues ±1 of the helicity operator σˆ · pˆ/|p| are good quantum numbers and
the Hamiltonian in Eq. (1) can be diagonalized yielding eigenenergies
ε± (k) =
h¯2
2m
(k± κ)2 (2)
which correspond to two orthogonal eigenstates |k+〉 = uk|k↑〉 + vkeiφk |k↓〉 and |k−〉 =
uk|k↓〉 − vke−iφk |k↑〉 with uk = [(1 + kz/|k|) /2]1/2, vk = [(1− kz/|k|) /2]1/2 and φk =
4
arg (kx + iky). The system has spherical manifold of zero-energy ground states and there
is a 3D Dirac point at k = 0 which is robust since the presence of all the three spin
matrices in HˆSO ensures that a homogeneous Zeeman field cannot lift up the degeneracy
at this point. The point is located in energy space at ε+ = ε− = h¯
2κ2/2m which is the
spin-orbit coupling energy εso. Its significance gets highlighted below when we discuss
SO-induced dimensional reduction, and again in Section IV when we discuss appearance
of anomalous behavior in some thermodynamic quantities of fermions as soon as the Fermi
level goes down this point on increasing coupling strength.
Equation (2) implies that the system possesses two constant energy surfaces (CESs)
in k-space, both being spherical having radii k± = k0 ∓ κ, where k0 =
(
2mε0/h¯
2
)1/2
with ε0 = ε+ = ε− having a chosen constant value. For κ = 0, two spheres have the
same radii (k+ = k− = k0) but as soon as the SO coupling is switched on, we have two
concentric spheres with k+ < k0 and k− > k0, i.e. the volume of the CES corresponding
to the positive helicity branch gets decreased whereas that of the negative branch gets
increased. When κ would increase, the smaller(larger) volume CES would shrink(expand)
and for κ = k0, the + branch CES would reduce to a point. This sequence of interesting
behavior together with that for κ > k0 unveils for fermions the so-called Fermi-surface-
topology transition described in [36, 43].
The Hamiltonian (1) can be generalized for a trapped gas to have the semiclassical
form [33, 42] wherein the trapping potential U(r) would simply get added on the right
hand side in Eq. (1) and the counterpart of Eq.(2) would become the semiclassical energy
spectrum given by
ε± (k, r) =
h¯2
2m
(k± κ)2 + U(r) (3)
in the 6-dimensional phase space (k, r). The motion of the particle would now get re-
stricted to the region of space wherein U(r) is less than the particle’s energy ε. This
introduces the concept of the effective volume as described in [44] and can be expressed
for the 3D systems as
V ∗3D(ε) =
∫
Θ (ε− U(r)) dr = 4π
3
r3max (4)
where Θ(x) is the Heaviside step function and rmax is the solution of the equation
U(rmax) = ε.
B. Density of States
If the energy-level separation be much smaller than the thermal energy kBT , which
is usually the situation under experimental conditions for cold atoms, the eigenenergies
can be taken to be quasi-continuous and the Thomas-Fermi semiclassical approximation
would become applicable. Consequently, the density of states (DOS) for each branch can
be calculated using the expression
G±(ε) =
1
(2π)3
∫ ∫
d3r d3k δ (ε− ε± (k, r)) . (5)
Here δ(x) is the Dirac delta function and d3r d3k/(2π)3 is the number of quantum states
in the phase-space elementary volumed3r d3k with (2π)3 being the volume occupied by a
single quantum state.
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In order to evaluate the integrals appearing in Eq.(5), we require the explicit form for
U(r). We choose this isotropic trapping potential to have the generic power-law behavior:
U(r) = U0(r/ℓ0)
γ with U0 and ℓ0 as constants. The value of the exponent γ defines the
nature of the potential; γ = 2 gives the important case of the harmonic trapping and
limγ→∞ U(r) gives the spherical potential well of radius ℓ0: U(r) = 0 for r < ℓ0 and
U(r) = ∞ for r > ℓ0. Thus the uniform gas corresponds to the limiting situation when
γ →∞ and ℓ0 →∞.
The evaluation requiring the use of the integral [45]
∫ π/2
0
sinµ−1 θ cosν−1 θ dθ =
1
2
Γ
(
µ
2
)
Γ
(
ν
2
)
Γ
(
µ
2
+ ν
2
) ;ℜµ > 0,ℜν > 0 (6)
has ultimately yielded the expression for the total DOS, G(ε) ≡ G(ε, κ, γ) = G+(ε) +
G−(ε), in the form
G(ε) =
(
4πℓ30
3
)(
ε
U0
) 3
γ
Γ
(
3
γ
+ 1
)
Γ
(
3
2
)
ρ03D (ε)
Γ
(
3
γ
+ 3
2
) + κ2
2π
Γ
(
1
2
)
ρ01D (ε)
Γ
(
3
γ
+ 1
2
)

 , (7)
where
ρ0d(ε) =
1
2d−1πd/2Γ(d/2)
(
2m
h¯2
)d/2
εd/2−1 Θ(ε) (8)
is the DOS per unit volume for both spin orientations of a d-dimensional uniform system
of spin-1
2
particles without SOC, and Γ(ν) is the gamma function. Thus we have obtained
a quite general expression in a neat analytical form for 3D systems and we now examine
its validity in known special cases.
The expression, as given in [46], for the DOS of ideal quantum gases under the influence
of a power-law external potential but without SOC is recovered in 3D case on substituting
κ = 0 and ℓ0 = 1 in Eq.(7). Also, for the most important case of the harmonic trapping
potential, U(r) = 1
2
mω2r2, we get
GH(ε) =
ε2
h¯3ω3
(
1 + 4
εso
ε
)
Θ(ε) (9)
whose comparison with the well known result for harmonically trapped Bose gas with-
out SOC reveals the presence of an extra factor 2 here because we have considered the
pseudospin-1
2
bosons. In order to get the result for SO-coupled uniform gases, however,
we first obtain from Eq.(7) the DOS per unit effective volume and then take the limit
γ →∞. Since rmax = ℓ0(ε/U0)1/γ , the procedure gives the DOS ρ (ε) ≡ ρ3D (ε, κ) as
ρ (ε) = ρ03D (ε)
(
1 +
εso
ε
)
, (10)
a rewritten form of that given in Ref. [35]. The detailed behavior of this DOS is analyzed
in Appendix A wherein it is found that ρ (ε) possesses a minimum at ε = εso with
εso = h¯
2κ2/2m being the SO coupling energy which corresponds to the location of the
Dirac point in a uniform gas. The presence of SOC-weighted 1D DOS in Eq. (10) imparts
the system characteristics of reduced spatial dimensionality: quasi-1D (more than 1D)
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for ε < εso and quasi-3D (less than 3D) for ε > εso. Thus the uniform system undergoes
dimensional reduction for large κ analogous to that mentioned in Ref. [42] for SO-coupled
harmonically trapped gases.
We have the inequality ρ (ε) ≥ ρ03D (ε) wherein the equality holds for ε = ∞ or κ=0.
This SOC-induced enhancement in DOS has been utilized in the literature, see for exam-
ple, in [9, 32, 35, 36], to give plausible reasoning to understand some of the interesting
features enumerated in the Introduction. However, we assert that not only the explana-
tions for these features but also for the additional ones mentioned in the Introduction
could be constructed in terms of SOC-induced modifications in the statistical interactions
amongst particles of the system described in Sec. IV.
III. ANALYTICAL THERMODYNAMICS
It could be noted that the process of evaluation for the thermodynamic quantities
involves energy integration and hence once the integration has been accomplished, the
expressions so obtained cannot be used to get results for the uniform case even if the
generic power-law potential be used. Hence we consider here separately both uniform and
harmonically trapped gases having Weyl SOC to obtain exact analytical expressions for
various thermodynamic quantities.
A. Uniform Gases
The grand thermodynamic potential Ω(µ, T, V ) of Bose (η = +1), Fermi (η = −1) and
Boltzmann (η = 0) gases can be written in a unified form as
Ω =
1
ηβ
∑
k,λ=±
ln [1− ηz exp{−βελ (k)}]
=
V
ηβ
∫ ∞
0
ρ(ε) ln
(
1− ηze−βε
)
dε, (11)
where z = eβµ is the fugacity, µ the chemical potential, β = 1/(kBT ) the inverse temper-
ature, and kB the Boltzmann constant. Using Eq.(10) in Eq.(11), substituting x = βε
and introducing the thermal de Broglie wavelength Λ =
(
2πh¯2β/m
)1/2
, one gets
Ω =
4V√
πηβΛ3
∫ ∞
0
(√
x+
κ2Λ2
4π
√
x
)
ln
(
1− ηze−x
)
dx (12)
Now we use the identity
u
ex − u =
d
dx
ln
(
1− ue−x
)
(13)
in the integral representation [48]
Liν(u) =
u
Γ(ν)
∫ ∞
0
xν−1
ex − udx (14)
for the polylogarithm of νth order with ν > 0, and then perform the integration by parts.
The process yields finally
Liν+2(u) = − 1
Γ(ν + 1)
∫ ∞
0
xν ln
(
1− ue−x
)
dx (15)
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with ν > −1. Hence Eq. (12) is rewritten in a neat analytical form as
Ω = − 2V
ηβΛ3
[
Li5/2 (ηz) + φ (κΛ)Li3/2 (ηz)
]
(16)
with φ (κΛ) = κ2Λ2/2π, and can be utilized to discuss complete thermodynamics of the
system.
The total number of particles and the entropy given by N = − (∂Ω/∂µ)T,V and S =
− (∂Ω/∂T )V,µ yield expressions
N =
2V
ηΛ3
[
Li3/2 (ηz) + φ (κΛ)Li1/2 (ηz)
]
(17)
and
S
kB
=
V
ηΛ3
[
5Li5/2 (ηz) + 3φ (κΛ)Li3/2 (ηz)
]
−Nβµ, (18)
where we have used the recurrence relation
∂
∂z
Liν(z) =
1
z
Liν−1(z) (19)
obtained from Eq.(14). The relation Ω = −PV gives pressure
P =
2
ηβΛ3
[
Li5/2 (ηz) + φ (κΛ)Li3/2 (ηz)
]
. (20)
The internal energy and the Helmholtz free energy can be obtained through Legendre
transformations E = Ω + TS + µN and F = Ω+ µN . Thus
E =
V
ηβΛ3
[
3Li5/2 (ηz) + φ (κΛ)Li3/2 (ηz)
]
(21)
and
F = µN − 2V
ηβΛ3
[
Li5/2 (ηz) + φ (κΛ) Li3/2 (ηz)
]
, (22)
and the EOS is
PV =
2
3

E +
(
∂E
∂ ln κ
)
µ

 , (23)
a form obtained also in Ref. [35]. On using Eq.(17) in the definitionKT = −(1/V ) (∂V/∂P )T,N =
(1/n) (∂n/∂P )T,N = (1/n
2) (∂n/∂µ)T,N , the isothermal compressibility takes the form
KT =
2β
ηn2Λ3
[
Li1/2 (ηz) + φ (κΛ)Li−1/2 (ηz)
]
. (24)
For |u| < 1, Eq.(14) has the series expansion Liν (u) = ∑∞ℓ=1(uℓ/ℓν). Hence for |ηz| < 1,
Eqs.(17), (21) and (20) give
N =
2V
ηΛ3
∞∑
ℓ=1
(ηz)ℓ
(
1
ℓ3/2
+ φ (κΛ)
1
ℓ1/2
)
, (25)
8
E =
V
ηβΛ3
∞∑
ℓ=1
(ηz)ℓ
(
3
ℓ5/2
+ φ (κΛ)
1
ℓ3/2
)
(26)
and
P =
2
ηβΛ3
∞∑
ℓ=1
(ηz)ℓ
(
1
ℓ5/2
+ φ (κΛ)
1
ℓ3/2
)
. (27)
For bosons and fermions, above three equations yield respectively Eqs. (10), (9) and (8)
of Ref. [35] valid in the high-temperature limit when fugacity z < 1. Additionally, if one
considers the Boltzmann (η = 0) gas, only the leading term , i.e. ℓ = 1, survives in the
expression for N , E or P on taking the limit η → 0.
The evaluation for the specific heat CV = (∂E/∂T )S,V has been presented in Appendix
B and the final expression is
CV
NkB
=
3
4
[
5Li5/2 (ηz) + φ (κΛ) Li3/2 (ηz)
]
[
Li3/2 (ηz) + φ (κΛ)Li1/2 (ηz)
]
−1
4
[
3Li3/2 (ηz) + φ (κΛ)Li1/2 (ηz)
] [
3Li3/2 (ηz) + φ (κΛ)Li1/2 (ηz)
]
[
Li3/2 (ηz) + φ (κΛ) Li1/2 (ηz)
] [
Li1/2 (ηz) + φ (κΛ) Li−1/2 (ηz)
] . (28)
The evaluation for thermal expansion coefficient αT = (1/V ) (∂V/∂T )P,N = KT (∂P/∂T )V,N
involves some aspects as in case of the evaluation of CV , and we obtain finally
TαT =
5
2
[
Li5/2 (ηz) + φ (κΛ) Li3/2 (ηz)
] [
Li1/2 (ηz) + φ (κΛ) Li−1/2 (ηz)
]
[
Li3/2 (ηz) + φ (κΛ) Li1/2 (ηz)
]2
−φ (κΛ)Li3/2 (ηz)
[
Li1/2 (ηz) + φ (κΛ)Li−1/2 (ηz)
]
[
Li3/2 (ηz) + φ (κΛ)Li1/2 (ηz)
]2
−1
2
[
3Li3/2 (ηz) + φ (κΛ) Li1/2 (ηz)
]
[
Li3/2 (ηz) + φ (κΛ)Li1/2 (ηz)
] (29)
It can be noted that on taking the limit κ→ 0, all our expressions with the SOC reduce
to the corresponding results for ideal quantum gases in terms of polylogs [49] and to those
given in textbooks, see for example [50], in terms of Bose and Fermi functions. Also, the
thermodynamic relations CP = CV + V Tα
2
T/KT and KS = KT − V Tα2T/CP, where KS
is the adiabatic compressibility, suggest that the study of complete thermodynamics is
possible with the help of the expressions derived above.
B. Harmonic Trapping
The harmonically trapped thermodynamic systems are characterized by the extensive
variable, “harmonic” volume V = 1/ω3, and the conjugate intensive variable, “harmonic”
pressure P = − (∂ΩH/∂V)µ,T . The semiclassical expression for the grand potential is ob-
tained using Eq.(9) together with Eq.(14) in ΩH(µ, T,V) = (1/ηβ)
∫∞
0 GH(ε) ln
(
1− ηze−βε
)
dε
and is given by
ΩH = − 2V
ηh¯3β4
[Li4 (ηz) + φ (κΛ)Li3 (ηz)] . (30)
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Figure 1: (Color online). Variation of rescaled pressure with T˜ for four values
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The number of particles and the energy are now given by
N =
2V
ηh¯3β3
[Li3 (ηz) + φ (κΛ)Li2 (ηz)] (31)
E =
2V
ηh¯3β4
[3Li4 (ηz) + 2φ (κΛ) Li3 (ηz)] (32)
and the EOS can be written in the form
PV = 1
3

E + 1
4
(
∂E
∂ ln κ
)
µ

 . (33)
This gives PV = 1
3
E for κ → 0 as the EOS of a harmonically trapped gas without SOC
is just like that of ultrarelativistic or massless particles [47].
The expressions for the other quantities are now
P = 2
ηh¯3β4
[Li4 (ηz) + φ (κΛ)Li3 (ηz)] , (34)
F = µN − 2V
ηh¯3β4
[Li4 (ηz) + 2φ (κΛ)Li3 (ηz)] , (35)
S
NkB
=
4Li4 (ηz) + 3φ (κΛ)Li3 (ηz)
Li3 (ηz) + φ (κΛ)Li2 (ηz)
− βµ, (36)
KT =
(
β
n
)
Li2 (ηz) + φ (κΛ)Li1 (ηz)
Li3 (ηz) + φ (κΛ)Li2 (ηz)
(37)
CV
NkB
=
6 [2Li4 (ηz) + φ (κΛ)Li3 (ηz)]
Li3 (ηz) + φ (κΛ)Li2 (ηz)
− [3Li3 (ηz) + 2φ (κΛ) Li2 (ηz)]
2
[Li3 (ηz) + φ (κΛ) Li2 (ηz)] [Li2 (ηz) + φ (κΛ)Li1 (ηz)]
(38)
and
TαT =
4 [Li4 (ηz) + φ (κΛ)Li3 (ηz)] [Li2 (ηz) + φ (κΛ) Li1 (ηz)]
[Li3 (ηz) + φ (κΛ)Li2 (ηz)]
2
−φ (κΛ) Li3 (ηz) [Li2 (ηz) + φ (κΛ)Li1 (ηz)]
[Li3 (ηz) + φ (κΛ)Li2 (ηz)]
2
− [3Li3 (ηz) + 2φ (κΛ) Li2 (ηz)]
[Li3 (ηz) + φ (κΛ) Li2 (ηz)]
(39)
All the expressions in this subsection are new and give, under the limit κ→ 0, the results
for the harmonically trapped ideal gases without SOC; the corresponding Bose gas results
[47] are thus retrieved keeping in mind that here we are dealing with pseudospin-1
2
bosons.
Furthermore, the thermodynamic relations involving CP , CV , αT, KT and KS mentioned
in the previous subsection become helpful here too.
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IV. NUMERICAL RESULTS AND DISCUSSIONS
The variation of rescaled pressure P˜ = P/P0 with T˜ (or κ˜) for various fixed values of
κ˜ (or T˜ ) is shown in Figs. 1(a) to 1(d). Here P0 = (2nε
0
F/5) is the pressure of spin-
1
2
fermions without SOC at T = 0 and n is the number density. It can be seen from
plots that pressure decreases for fermions but increases for bosons with increase in the
Weyl coupling at any fixed temperature. In order to have a closer look at this behavior
analytically, we proceed to construct the virial expansion for the EOS in the form
Pβ =
∞∑
ℓ=1
bℓ(T, κ)n
ℓ, (40)
where bℓ(T, κ) is the ℓth virial coefficient with b1(T, κ) = 1.
We obtain the expansion for the fugacity, from inversion of power-series in Eq. (25),
and write explicitly only up to third-order terms in a parameter
ξ =
nΛ3
2 (1 + φ (κΛ))
. (41)
We then get, on writing φ ≡ φ (κΛ),
z = ξ

1− ηξ
23/2
1 + 2φ
1 + φ
+
η2ξ2
22


(
1 + 2φ
1 + φ
)2
− 2
2
33/2
1 + 3φ
1 + φ

− η3O
(
ξ3
) . (42)
Using Eqs. (25) and (27), one has
Pβ = n

1− ηz
25/2
1 + 2φ
1 + φ
+
η2z2
24


(
1 + 2φ
1 + φ
)2
− 2
5
35/2
1 + 3φ
1 + φ

− η3O
(
z3
) . (43)
Combination of Eqs. (42) and (43) yield finally
Pβ = n

1− ηξ
25/2
1 + 2φ
1 + φ
+
η2ξ2
23


(
1 + 2φ
1 + φ
)2
− 2
4
35/2
1 + 3φ
1 + φ

− η3O
(
ξ3
) . (44)
which reduces, on putting κ = 0, to the textbook results [29, 50] in powers of ξ = nΛ3/2
for spin-1
2
particles.
Let us substitute into Eq. (44) the expression for ξ given in Eq. (41) and compare
the resulting equation with Eq. (40). This leads to the inequality b2 (T, κ) /b2 (T, κ=0) =
(1 + 2φ)/(1 + φ)2 ≤ 1 implying that b2(T, κ) becomes less negative (positive) for bosons
(fermions) as soon as the SO coupling is switched on. Since the second virial coefficient
represents two-particle interactions [29], it can be interpreted that the Weyl coupling
induces repulsive (attractive) statistical interactions in bosons (fermions). Hence the
effect of the SOC is to weaken the “effective” interactions resulting into the behavior of
the pressure as depicted in Figs. 1 (a)–(d). Furthermore, the decrease (increase) in the
pressure suggests that the SOC makes the gas more (less) compressible which is supported
by general trends in Figs. 2(a) to 2(d) wherein rescaled isothermal compressibility K˜T =
KT/K
0
T has been plotted as a function of κ˜ at several temperatures with K
0
T = 3/(2nε
0
F )
as isothermal compressibility of an ideal Fermi gas without SOC at T = 0. The decrease
in the Pauli pressure and consequent increase in the isothermal compressibility due to
12
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increase in Rashba coupling strength had been found by Han and Sa´ de Melo [39] in
course of their study of the BCS-BEC crossover in a balanced mixture of 3D ultracold
fermions. The decrease in Pauli pressure has been found by Ghosh et al. [41] also.
The bosonic curves for very low κ in 2(d) are showing the artifact of diverging KT
present in an ideal Bose gas for T < T 0C ≃ 0.436T 0F. On the other hand, a fermionic
curve has a peak at very low temperature which becomes more and more pronounced and
shifts towards lower T as κ increases (cf. Figs.2 (a) and (b)). Since KT is related to the
derivative of µ, any anomalous behavior in one could be expected to have its signature in
the other. Hence we plot in Figs. 3 (a)–(d) the chemical potential µ(T, κ) as a function
of T for various values of κ calculated from the implicit relation given by Eq. (17). These
computed values have, in fact, gone as input in calculations of all the thermodynamic
quantities displayed in Figs. 1, 2 and 4. Figures 3(b) and 3(d) depict magnified graphs
for some small ranges of T to reveal the structures appearing therein.
It can be seen in Fig. 3(d) that the nature of the curves reflect incipient Bose-Einstein
condensation for very low values of κ, just like the plots forKT displayed in 2(d), although
the Bose-condensation is inhibited by the presence of coupling-weighted 1D character in
the DOS (cf. Eq. (10)). For fermions, the numerical values of µ(T, κ) reveal interesting
behavior in low-T regime. For small κ, µ(T, κ) is increasing with decrease in T just like
in the case of an ideal 3D Fermi gas without SOC. However, starting at κ ≈ 0.5 k0F , the
fermion chemical potential exhibits a shoulder near T ≈ 0.12 T 0F which grows upon further
increase of κ and eventually forms one local maximum and one local minimum whose loci
are being depicted in Fig. 3(a) by the dotted curve. The right portion (red dots) of the
peak of this curve is the locus of maxima whereas the left portion (green dots) is only a
part of the locus of minima, it touches the vertical axis at µ˜ ≈ 0.40 when κ = κc ≈ 0.63k0F
as described in Appendix C where the detailed analysis of µ(T, κ) versus T for successively
increasing κ starting from zero has been presented.
It is worth mentioning that Ref. [51] has discussed temperature variation of the chemical
potential for an ideal Fermi gas without SOC wherein a low-T peak has been found in
less than 2D. Also, it has been discussed in [52] that an ideal Fermi gas confined between
penetrable multilayers or multitubes has effective reduced dimensionality and there is
dimensional crossovers from 3D to 2D and then to 1D as the impenetrability increases
resulting into appearance of peak in µ as a function of T . Hence the presence of both
extrema in a curve in our work cannot be understood solely in terms of SO-coupling
induced dimensionality reduction and its probable explanation is given in Appendix C.
Also, it is clear from Eq.(C.1) that fermionic µ(T, κ) has different behavior depending on
whether the Fermi level εF (κ) ≡ µ(T = 0, κ) of a SO-coupled system is above or below
εso.
Figures 4(a)-(f) show temperature-dependence of CV for various values of κ. We have
from Figs. 4(a) and 4(d) that (CV /NkB) → 3/2 (1/2) at high temperatures consis-
tent with the Dulong-Petit law for low-κ (high- κ) when the system is expected to have
quasi-3D (quasi-1D) behavior. Also, for T → 0, (CV /NkB) → 0 as per the third law of
thermodynamics. Figures 4(b) and 4(c) are blown up curves in low-T regions to depict
clearly the structures in the curves. It is found from Fig. 4(c) that as T decreases, each
curve has a dip before showing a peak at very low temperature, which is again an anoma-
lous behavior. This kind of structure in the specific heat curve for fermions in reduced
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effective dimension has been reported in Ref. [52] also. Furthermore, it can be seen that
Fig. 4(e) supports SO-coupled incipient Bose-condensation, and crossings of the curves
for various κ in Figs. 4(b) and 4(f) are required by the Dulong-Petit law since the effective
dimensionality changes as a consequence of change in the coupling strength.
The isotherms P − κ and KT − κ are shown combinedly in Fig. 5 for harmonically
trapped noninteracting bosons and fermions; the values of the rescaled quantities P˜ =
P(κ)/P(0) and K˜T = KT(κ)/KT(0) are on left and right vertical axes, respectively. We
have introduced the symbol for any physical quantity χ(κ = 0) as simply χ(0). The
lower set of four curves starting from the lowermost, two dashed (fermions, bosons) and
two solid (bosons, fermions), is for the reduced temperature T˜ = T/TF(0) = 0.6 and the
upper set for T˜ = 0.7. The reduced coupling strength is κ˜ = κ/kF(0). An SO-coupled
trapped Bose gas shows Bose-Einstein condensation, unlike SO-coupled uniform gas, and
hence temperatures have been chosen to correspond to the Bose gas in the normal phase
for any κ. Also, P(0) = ε4F(0)/12h¯3 = nεF(0)/4 and KT(0) = 3/nεF(0) with εF(0) as
the Fermi energy for harmonically trapped fermions without SOC. The graphs in Fig. 5
suggest that the conclusion regarding the SOC-induced interactions is the same here as
that described earlier for uniform gases, i.e. the increase in the coupling strength makes
the statistical interaction weaker and weaker in trapped gases too.
Figure 6(a) shows bosonic P − κ phase diagram wherein each curve is labeled by its
value of T˜ , the dashed curve is the transition line for the Bose-Einstein condensation, and
the shaded region represents the condensed phase. It can be seen that increase in the SOC
strength decreases the transition temperature which is corroborated by the µ − T phase
diagram, with µ˜ = µ/εF(0) for various values of κ˜ depicted in 6(b). This kind of TC versus
κ behavior is consistent with the weakening effect of the statistical attractive interaction
on increasing the value of κ. However, it is at variance with the study of Hu and Liu [33]
who observed that in the thermodynamic limit, TC would not get affected by the Rashba
coupling. Our study is for the Weyl coupling and separate study for the Rashba coupling
might be required to resolve the issue that the latter would have zero effective statistical
interaction in trapped bosons whereas it does have finite effective interaction in uniform
Fermi gases as mentioned earlier in this section while analyzing T = 0 results of Han and
Sa´ de Melo [39], and of Ghosh et al. [41].
V. SUMMARY AND OUTLOOK
We have developed exact analytical expressions for the grand potential in uniform as
well as harmonically trapped cases in a unified form for noninteracting Bose, Fermi and
Boltzmann gases having 3D isotropic spin-orbit coupling, called the Weyl coupling. The
expressions for various thermodynamic quantities have been derived thereafter, and their
computed values have been depicted graphically as a function of temperature as well as
the spin-orbit coupling constant. It is found that the Weyl coupling induces statistical
interactions which weaken the effective interparticle interactions present in the systems
without spin-orbit coupling: bosons have reduced effective attraction and fermions have
reduced effective repulsion whether the gas is uniform or trapped. The conclusion has
been arrived at from graphical depiction of pressure in both the situations; the result has
been corroborated by plots of the isothermal compressibility and analytically by the virial
expansion of the EOS in the uniform system. The variation of chemical potential and
specific heat have also been analyzed and anomalous behavior revealed in case of uniform
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gases. The plots of internal energy, free energy and entropy have not been displayed here
as they do not show any worth describing feature.
Our studies suggest that the physics due to synthetic spin-orbit coupling is richer than
previously appreciated – not only the theoretically investigated features explained plau-
sibly in terms of coupling-induced enhanced DOS but some additional features also can
be understood in terms of coupling-induced modifications in interparticle statistical in-
teractions. It is found that a uniform Bose gas with very weak coupling shows incipient
Bose-Einstein condensation and a Fermi system has different behaviors on varying the
coupling constant if the Fermi level is above or below the Dirac point. Our work for
uniform gases in conjunction with that in Ref. [35] would constitute complete thermo-
dynamics of noninteracting atomic quantum gases with isotropic 3D spin-orbit coupling.
Most of the expressions derived for the thermodynamic quantities of uniform gases and all
those of harmonically trapped gases are new, and the study of complete thermodynamics
would be possible also for harmonically trapped gases with Weyl SOC in any range of
physical parameters. Moreover, we have pointed out that the results obtained in Refs.
[33] and [39] for Rashba coupling are at variance with each other if analyzed in terms of
effective statistical interactions.
The fluctuation-dissipation theorem gives the relation [53] limq→0 S(q, T ) = nkBTKT
with S(q, T ) as the temperature-dependent static structure factor. Hence the enhanced
(diminished) compressibility of the gas, along with any structure therein, would get
reflected in measurement of enhanced (diminished) long-wavelength fluctuation of the
bunching (antibunching) effect [54, 55], quantified by S(q ≈ 0, T ), in bosons (fermions).
Our theoretical study of S(q, T ) and hence the pair correlation function leading to the
statistical interparticle interaction potential will form part of a separate communication.
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Appendix
A Density of states for SO coupled uniform gases
The use of dispersion relations given in Eq. (2) gives the forms of partial DOS, ρ± (ε) ≡
ρ± (ε, κ) = (1/V )
∑
k δ (ε− ε± (k)), as
ρ+ (ε) =
1
2
ρ03D (ε)
(
1−
√
εso
ε
)2
Θ (ε− εso) (A.1)
and
ρ− (ε) = ρ
0
3D (ε)
[(
1 +
εso
ε
)
Θ (εso − ε) + 1
2
(
1 +
√
εso
ε
)2
Θ (ε− εso)
]
(A.2)
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whence we have the expression for ρ(ε) as given in Eq. (10).
It is found that ρ (ε) has the minimum value ρmin (ε) = 2ρ
0
3D (εso) at ε = εso. The
minimum arises because ρ− (ε) decreases continuously in the range 0 ≤ ε ≤ ∞ but
ρ+ (ε)=0 for ε < εso and increases monotonically for ε > εso. The variation of rescaled
DOS, ρ˜ (ε) = ρ (ε) /ρ03D (ε
0
F ), as a function of reduced energy ε˜ = ε/ε
0
F is depicted in
Fig. 7(a) wherein dashed curve is the locus of minima in the DOS for various values of
κ˜. The plots of rescaled ρ+ (ε), ρ− (ε) and ρ (ε) with respect to ρ
0
3D (ε) as a function of ε˜
for κ˜ = 0.5 and 1.0 are shown respectively in Figs. 7(c) and 7(d). Whereas the value of
ρ+ (ε) goes down for increased κ and a given value of ε, the corresponding values of both
ρ− (ε) and ρ (ε) go up. Also, it is seen in Fig. 7(b) that ρ (ε) versus κ curve is parabolic
which gets flattened for an increased value of energy.
B Isochoric specific heat for SO coupled uniform gases
The relation CV = (∂E/∂T )V,N gives, on using Eq.(21) and the recurrence relation (19),
CV =
3
2
kBV
ηΛ3
[
5Li5/2 (ηz) + φ (κΛ)Li3/2 (ηz)
]
+
V
ηβΛ3
[
3Li3/2 (ηz) + φ (κΛ) Li1/2 (ηz)
] 1
z
(
∂z
∂T
)
V,N
. (B.1)
In order to find out an expression for (1/z) (∂z/∂T )V,N , we rewrite Eq. (17) as
Li3/2 (ηz) + φ (κΛ) Li1/2 (ηz) = NηΛ
3/2V (B.2)
18
and apply the operator (∂/∂T )V,N from left on both the sides. We then use in the
resulting expression Eq. (19) on the left hand side and Eq. (B.2) on the right hand side.
The process gives finally
LHS =
1
z
(
∂z
∂T
)
V
[
Li1/2 (ηz) + φ (κΛ) Li−1/2 (ηz)
]
− 1
T
φ (κΛ) Li1/2 (ηz) (B.3)
and
RHS = − 3
2T
[
Li3/2 (ηz) + φ (κΛ) Li1/2 (ηz)
]
(B.4)
whence we obtain
1
z
(
∂z
∂T
)
V,N
= − 1
2T
[
3Li3/2 (ηz) + φ (κΛ) Li1/2 (ηz)
]
[
Li1/2 (ηz) + φ (κΛ) Li−1/2 (ηz)
] . (B.5)
Substitution of the above expression in Eq. (B.1) and then use of Eq.(17) finally yields
expression for the specific heat as given in Eq.(28).
C Fermionic chemical potential
In order to analyze analytically the existence of extrema in fermionic µ(T, κ), we use
low-T approximate expression
µ(T, κ) = µ0

1− π2
12
(
kBT
µ0
)2
µ0 − εso
µ0 + εso

 (C.1)
available from Ref. [35]. The location of the Dirac point characterized by the energy
εso increases monotonically whereas the zero-temperature chemical potential µ0 ≡ µ(T =
0, κ), i.e. the fermi energy ε0F, decreases on increasing κ. The intersection of these two
curves in the ε−κ plane takes place at the critical value κc = 2−2/3k0F which is the solution
of µ0 = εso, i.e. µ(T = 0, κ) = h¯
2κ2/(2m) with the expression for µ(T = 0, κ) given in
[35]. It is clear from Eq.(C.1) that for 0 ≤ κ˜ < κ˜c (i.e. µ0 > εso), the curve bends down
implying the maximum to be only at T=0. On the other hand, the low-T asymptote
bends up for κ˜ > κ˜c implying that there is at least one maximum at finite T because
ultimately µ has to become negative at high T .
The detailed analysis of µ(T, κ) versus T curves, generated based on computed values
using the implicit relation for µ given in Eq.(17), for successively increasing κ starting
from zero reveals the following. Initially, the curve has normal behavior like an ideal Fermi
gas without SOC but for κ˜ ≈ 0.5, a shoulder begins to develop at T ≈ 0.12T 0F which gets
more and more pronounced till κ˜ ≈ 0.5985 but µ has its maximum at T=0 for all these
values of κ˜. On increasing κ, so far developing “hanging shoulder” turns into an “athletic
shoulder” showing a local minimum at Tmin > 0 and a local maximum at Tmax > Tmin
apart from the global maximum at T=0. We note that we get µ(Tmax, κ)/µ(0, κ) < 1 on
the onset of max-min-max structure and this continues till the inequality gets reversed
to µ(Tmax, κ)/µ(0, κ) > 1 for κ˜ ≈ 0.61 without any change in order of max-min-max
structure. The finite-T minimum (maximum) wanders to lower (higher) T as κ˜ is increased
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further. Finally, at κ˜ = κ˜c, the finite-T minimum gets merged with the zero-T maximum
leaving a local minimum at T=0 and a global maximum at finite T . This structure
continues for higher values of κ˜ but the location of the global maximum goes on shifting
towards the vertical axis being depicted in Fig. 3(a) as right portion (red dots) of the
dotted curve.
What is the physical implication of ∂µ
∂T
> 0 for κ > κc? µ(T, κ) is the energy necessary
to add one fermion to the system. For an ideal gas, this energy is the larger, the lower is T .
It is the largest at T=0, where it takes ε0F to add an additional fermion to the system. It
takes so much energy even in the non–interacting gas, because there is the Pauli principle
acting like an effective repulsion between particles. This statistics–induced repulsion is
softened by SOC. To add a fermion at T = 0 now will be the easier, the larger is κ. This
statement also holds for any fixed T : µ(T, κ1) > µ(T, κ2), if κ2 > κ1. On the contrary,
for fixed κ, a corresponding statement does hold only for κ < κc: µ(T1, κ) > µ(T2, κ), if
T2 > T1 and κ < κc.
Obviously, the finite-T maximum and its precursors (shoulder, min-max) result from a
competition between the effects of the statistical repulsion, which continuously increases
with decreasing T , and the SOC, the effect of which is amplified by a factor 1/T and
hence enormously at low T . Also, for large κ (fixed T ), the distinction between bosons
and fermions gets lost similar to what we find for large T in ideal quantum gases without
SOC.
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